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Abstract 
Non-uniform magnetic structures produce emergent electromagnetic phenomena such as the 
topological Hall effect and the spin-motive force (SMF). The experimental reports on the SMF, 
however, are very few and the relationship between the SMF and material parameters is still unclear. 
In this study, we investigated the SMF in ferrimagnetic GdFeCo alloy films using the spin-torque-
induced ferromagnetic resonance method and clarified the relationship. The amplitude of the detected 
SMF becomes larger than that of the transition metal alloy FeCo by the Gd doping and reaches the 
maximum near a Gd composition of the boundary between in-plane and perpendicularly magnetized 
films. According to the analytical calculation, the enhancement is related to the trajectory of the 
magnetization precession. Moreover, we find that the SMF induced by the magnetic resonance is 
inversely proportional to the square of the damping constant.  
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Recently, non-uniform magnetic structures such as magnetic domain wall1-2, magnetic vortex3-5, 
anti-vortex6-8, and skyrmion9-13 have attracted much attention in both fundamental and applied physics. 
The magnetic domain wall and skyrmion, which can be controlled by a current, have been studied 
toward practical application for future memory devices1,2,11. Moreover, the non-uniform magnetic 
structure induces effective electric and magnetic fields for conduction electrons. The effective 
magnetic field induced by the skyrmions has been detected as a Hall effect, which is termed the 
topological Hall effect12-16. The effective electric field induced by their dynamics is termed the spin-
motive force (SMF)17-30. These phenomena are of great interest as the emergent electromagnetism in 
fundamental physics.  
The first observation of the SMF had been reported by Yang and Beach et al. in 200921. They 
accurately controlled magnetic-field-driven domain wall motion in NiFe alloy wires and detected the 
SMF induced by the motion using the unique lock-in method. After that, several studies on the SMF 
were also reported by other groups22-24,29,30. The theoretical studies22,26 reported by Yamane et al. 
suggest that the SMF induced by the magnetic resonance strongly depends on the damping constant 
and the SMF induced by the magnetic domain wall motion increases with increasing magnetic 
anisotropy. In all the experimental studies, however, transition metal alloys such as NiFe alloy21-24,30 
and related oxides such as the magnetite Fe3O429 were used and the relationship between material 
parameters and the SMF is still unclear. Furthermore, the detected voltages are almost 0.1 - 1 V and 
we have few guidelines for the material development owing to the enhancement of the SMF. 
Here, we investigate the SMF in GdFeCo alloy films and report the influence of Gd on the SMF. 
The GdFeCo alloy31-37 is a ferrimagnetic material, where magnetic moment of FeCo is antiparallel to 
that of Gd. We can fabricate RE-rich films, where net magnetization is parallel to the moment of the 
rare-earth metal (Gd), and TM-rich films, where the transition metal (FeCo) mainly contributes net 
magnetization, by controlling the composition of the alloy. The boundary composition between the 
RE-rich and the TM-rich alloys is termed the magnetization compensation point (MCP, 𝑥 = 𝑥𝑐). The 
GdFeCo alloy has large perpendicular magnetic anisotropy near the MCP. Moreover, the Gilbert 
damping constant in GdFeCo strongly depends on the composition. Therefore, GdFeCo is one of the 
suitable materials in studies on the relationship between the SMF and some material parameters such 
as the saturation magnetization, the demagnetizing field, the composition, the magnetic anisotropy, 
and the damping constant.  
The Si3N4(10 nm)/Gdx(Fe82Co28)1-x(16 nm)/Pt(10 nm) strips were fabricated by a magnetron 
sputtering, electron-beam lithography, and a lift-off process. The GdFeCo alloy layer was deposited 
by a co-sputtering method from Gd and FeCo targets and the composition of the alloy can be changed 
by optimization of the cathode power. The composition of all the samples was checked by an energy 
dispersive X-ray spectrometry. The Pt layer under the GdFeCo layer is used as an electrode for rf 
currents that induces spin torques and(/or) rf Ampère magnetic fields, which is quite similar to an 
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experimental method of the spin-torque ferromagnetic resonance (ST-FMR). The widths of the strips 
are changed along a longitudinal direction of the strips and the structures are not rectangular, but 
trapezoidal. 
We measured the SMF by using the unique ST-FMR method proposed by Nagata et al.29 in Fig. 1(a). 
When an rf-current is injected into a bilayer of Pt/GdFeCo, a magnetic resonance is excited by the rf 
spin current and the Ampère field induced by the rf current in the Pt layer38. Since the rf current density 
𝑗𝑒 is inversely proportional to the shrinking width of the strip 𝑤, the cone angle of the magnetization 
precession is changed along the longitudinal direction of the strips. Thus, the excited magnetic 
resonance becomes non-uniform dynamics and is expected to induce the SMF along the longitudinal 
direction. The SMF was measured by using a lock-in and an amplitude modulation methods. The 
measured dc voltage involves the SMF and the other contribution that originates from the rectification 
effect of the anisotropic magnetoresistance and the rf current. Although the rectification effect vanishes 
when the external magnetic field is parallel to the longitudinal direction of the strips, it appears even 
if the field slightly differs from the longitudinal direction of the strips. The SMF is detected as a 
symmetrical component centered at zero magnetic field. On the other hand, the rectification voltage 
involves both symmetric and anti-symmetric components centered at the resonant magnetic field. In 
particular, both of the contributions are anti-symmetric at zero magnetic fields38. Therefore, we 
extracted the SMF from the measured dc voltage using the symmetry for the magnetic field. 
Figure 1(b) shows the measured typical dc voltage, whose shape is similar to the Lorentz function. 
We extract the SMF by using a fitting function of 
 𝑉 = 𝑉0 + 𝑉1{𝑆𝐻(𝐻0, 𝐻𝑅) + 𝑆𝐻(𝐻0, −𝐻𝑅)} + 𝑉2{𝑆𝐻(𝐻0, 𝐻𝑅) − 𝑆𝐻(𝐻0, −𝐻𝑅)}
+ 𝑉3{𝐴𝐻(𝐻0, 𝐻𝑅) + 𝐴𝐻(𝐻0, −𝐻𝑅)}, 
(1) 
where 𝑆𝐻(𝐻0, 𝐻𝑅) = Δ𝐻
2/((𝐻0 −𝐻𝑅)
2 + Δ𝐻2)  and 𝐴𝐻(𝐻0, 𝐻𝑅) = (𝐻0 −𝐻𝑅)Δ𝐻/((𝐻0 −
𝐻𝑅)
2 + Δ𝐻2). 𝐻0 is the external magnetic field, 𝐻𝑅 is the resonant magnetic field and Δ𝐻 is the 
full width at half maximum (FWHM). The second term has the same symmetry as the SMF. The sign 
of the SMF does not depend on the sign of the magnetic field, but is determined by the arrangement 
of the magnetic precession regions. The third and fourth terms attribute to the rectification effect in 
Fig. 1(c). The fitting provides information on the resonant frequency, the FWHM, the signal amplitude 
of the SMF, and the rectification effect.  
Figures 2(a-b) show the signal amplitude 𝑉1 as a function of the right and left width of the strip. 
Although the signal of almost 100 nV is detected in the trapezoidal strips, the signal disappears in 
the rectangular strip, 𝑤𝑟 = 𝑤𝑙 = 100 μm. The sign of the detected signal depends on the shrinking 
sides of the strip. Note that these tendency cannot be expressed by any rectification effects in ST-FMR 
studies. Moreover, the SMF is represented as  
 
𝑉1 ∝
1
𝑤𝑙2
−
1
𝑤𝑟2
 
(2) 
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from the calculation (as shown below). The solid curves in Figs. 2(a-b) indicate the fitting curves of 
the Eq. (2), which is roughly consistent with the experimental results. Hence, these results reveal that 
𝑉1 is the SMF. 
Figure 2(c) shows the Gd-composition dependence of the SMF 𝑉1. The deposited GdFeCo film has 
the MCP at about 𝑥𝑐 = 0.23 (as shown below). Hence, it is TM-rich when 𝑥 < 0.23 and RE-rich 
when 𝑥 > 0.23. The GdFeCo film is in-plane magnetized from 𝑥 = 0.0 to 𝑥 = 0.17 and in 𝑥 >
0.27 owing to the large demagnetizing fields, which is proportional to the saturation magnetization. 
The alloy films at 𝑥 = 0.18, 0.27 , which were perpendicularly magnetized, were measured by 
controlling the magnetization direction via the large in-plane magnetic field. Except for 𝑥 = 0.12, the 
detected voltage surprisingly increases with increasing Gd composition as 𝑥 < 0.17, which indicates 
that the SMF can become larger than that in alloys that consist of only transition metals such as the 
FeCo alloy via the Gd doping. Moreover, we notice that the SMFs in both the TM-rich and the RE-
rich films increase near the Gd compositions of the boundary between in-plane and perpendicularly 
magnetized films. 
To understand the enhancement of the SMF via the Gd doping as 𝑥 < 0.17, we model the motion 
of the magnetic moment in GdFeCo by assuming that net magnetic moment that consists of Gd and 
FeCo is a single magnetic moment. The assumption can be reasonable in the case that the Gd 
composition is far away from an angular momentum compensation point(ACP), which is the 
composition that the angular momenta of FeCo and Gd cancel out39. The used Landau–Lifshitz–
Gilbert (LLG) equation is represented as  
 𝑑𝒏
𝑑𝑡
= −𝛾𝒏 ×𝑯eff + 𝛼𝒏 ×
𝑑𝒏
𝑑𝑡
+
ℏ
2𝑒𝜇0𝑀𝑠𝑡
𝐽𝑠(𝒏 × 𝒔) × 𝒏. 
(3) 
Here,  𝒏  is a normalized magnetization vector, 𝛾  is the gyromagnetic ratio, 𝛼  is the Gilbert 
damping constant, 𝜇0 is the permeability, 𝑀𝑠 is the saturation magnetization of GdFeCo, 𝒔 is the 
spin magnetic moment and 𝑡 is the thickness of the GdFeCo layer. The xyz-coordinate direction is 
defined as the xyz arrows in Fig. 1. 𝑯eff = (ℎ𝑥 −(4𝜋𝑀𝑠𝑁𝑦 + 𝐴𝑦)𝑛𝑦 𝐻0)𝑇 , where ℎ𝑥 is the 
Ampère field induced by the rf current, 𝑁𝑦 is the demagnetizing coefficient, 𝐴𝑦 is the anisotropic 
constant, and 𝐻0 is the external magnetic field. Since the GdFeCo film is perpendicularly magnetized 
near the MCP (𝑥 = 𝑥𝑐), we add only the perpendicular magnetic anisotropy to the LLG equation. 
When 𝛼 ≪ 1, |𝑛𝑥|, |𝑛𝑦| ≪ 1, and |ℎ𝑥| ≪ |𝐻0|, 
 
{
 
 
 
 𝑛𝑥 =
{𝐴𝐻𝜔(𝛾ℎ𝑥) + 𝑆𝐻𝜔𝑅(𝛽𝐽𝑠)} + 𝑖{−𝑆𝐻𝜔(𝛾ℎ𝑥) + 𝐴𝐻𝜔𝑅(𝛽𝐽𝑠)}
𝛼𝜔𝑅𝛾(2𝐻𝑅 + 𝑘)
𝑛𝑦 =
{−𝑆𝐻𝜔(𝛾ℎ𝑥) + 𝐴𝐻𝜔𝑅(𝛽𝐽𝑠)} + 𝑖{−𝐴𝐻𝜔(𝛾ℎ𝑥) − 𝑆𝐻𝜔𝑅(𝛽𝐽𝑠)}
𝛼𝜔𝛾(2𝐻𝑅 + 𝑘)
, 
(4) 
where 𝑘 = 4𝜋𝑀𝑠𝑁𝑦 + 𝐴𝑦 , 𝜔 = 𝛾√𝐻𝑅(𝐻𝑅 + 𝑘) is an angular frequency of the rf current, 𝜔𝑅 =
𝛾𝐻𝑅 , and 𝛽 = ℏ‖𝒔‖ 2𝑒𝜇0𝑀𝑠𝑡⁄  . By substituting 𝑁𝑦 = 1  and 𝐴𝑦 = −𝐻𝑦
𝑎𝑛𝑖 , we can obtain the 
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relationship between the resonant field and the frequency 𝑓, 
 
𝑓 =
𝛾
2𝜋
√𝐻𝑅(𝐻𝑅 + 4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖). (5) 
𝑆𝐻 and 𝐴𝐻 are the Lorentz and the anti-Lorentz functions in the Eq. (1), respectively. These FWHMs 
Δ𝐻 are proportional to the frequency, 
 
Δ𝐻 =
2𝜋𝛼
𝛾
𝑓. (6) 
Assuming that ℎ𝑥 = ℎ𝑒
𝑖𝜔𝑡 and 𝐽𝑠 = 𝑗𝑒
𝑖𝜔𝑡, we can obtain  
 
{
 
 
 
 𝑛𝑥 =
√𝑆𝐻√(𝜔𝛾ℎ)2 + (𝜔𝑅𝛽𝑗)2
𝛼𝛾(2𝐻𝑅 + 𝑘)
1
𝜔𝑅
cos(𝜔𝑡 + 𝛿)
𝑛𝑦 =
√𝑆𝐻√(𝜔𝛾ℎ)2 + (𝜔𝑅𝛽𝑗)2
𝛼𝛾(2𝐻𝑅 + 𝑘)
1
𝜔
sin(𝜔𝑡 + 𝛿)
, 
tan𝛿 =
 𝐴𝐻𝜔𝑅𝛽𝑗 − 𝑆𝐻𝜔𝛾ℎ
 𝑆𝐻𝜔𝑅𝛽𝑗 + 𝐴𝐻𝜔𝛾ℎ
 
(7) 
which reveal that the magnetization trajectory is not a circular orbit, but an elliptical orbit when 
4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖 ≠ 0. In particular, its ellipticity mainly depends on the magnetic anisotropy and the 
demagnetizing field and is independent of the ratio of the rf spin current to the rf Ampère field. On the 
other hand, the phase of the trajectory is strongly influenced by the ratio of the rf spin current to the rf 
Ampère field. 
Figures 3(a-c) show 𝐻𝑅 and 𝛥𝐻, and 𝑉1 as a function of the frequency of the rf current. 4𝜋𝑀𝑠 −
𝐻𝑦
𝑎𝑛𝑖 is estimated by using the fitting function of the Eq. (5). Since the anisotropy field is parallel to 
the demagnetizing field, 4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖  is regarded as a single parameter. The saturation 
magnetization 4𝜋𝑀𝑠 is estimated from the M-H curve in Fig. 3(d). The damping constant 𝛼 is 
obtained from a linear fitting of the Eq. (6) including the extrinsic damping constant40.  
The electric field induced by the SMF is represented as  
 
𝐸𝑧 = −
ℏ
2𝑒
?̃? ∙ (
𝜕?̃?
𝜕𝑡
×
𝜕?̃?
𝜕𝑧
), (8) 
where ℏ is the Plank constant, 𝑒 is the elementary charge, and ?̃? is the direction of the internal 
exchange field in a ferromagnetic material20, which corresponds to the direction of the magnetization, 
𝒏. The SMF is calculated by 𝑉𝑆𝑀𝐹 = ∫𝐸𝑧𝑑𝑧. By substituting the Eq. (7) into the Eq. (8), 
 
𝑉𝑆𝑀𝐹 = 𝑆𝐻
ℏ𝐼2
4𝛼2𝛾𝑒𝑡2
(
1
𝑤𝑙2
−
1
𝑤𝑟2
)
(𝐻𝑅 + 𝑘)(𝛾ℎ̃)
2
+𝐻𝑅(𝛽𝑗̃)
2
(2𝐻𝑅 + 𝑘)2
, (9) 
where, 𝐼 is the rf current, ℎ̃ = ℎ/𝑗𝑒 , and 𝑗̃ = 𝑗/𝑗𝑒 because both ℎ and 𝑗 are proportional to the 
current density, 𝑗𝑒 . The equation reveals that the SMF should be the Lorentz function and be 
proportional to 𝑤𝑙
−2 −𝑤𝑟
−2. Since the SMF is inversely proportional to 𝛼2, we evaluate the SMF 
as the product of the SMF and the square of the damping constant, 𝛼2𝑉𝑆𝑀𝐹. Besides, the SMF depends 
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on two unknown parameters, which indicates the contributions of the rf Ampère field and the rf spin 
current, and we could not analyze the experimental data using the equation. Hence, we roughly assume 
𝛾ℎ̃ ≅ 𝛽𝑗̃  from the obtained fitting parameters of 𝑉2  and 𝑉3  in the Eq. (1). Then, 𝛼
2𝑉𝑆𝑀𝐹  is 
represented by  
 
𝛼2𝑉𝑆𝑀𝐹 ∝ {𝛾
2(4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖)
2
+ 4𝜔2}
−
1
2
, (10) 
which means that the SMF decreases with increasing frequency and increases with decreasing 
4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖. When the equation is applied to the frequency dependence of the SMF in Fig. 3(c), the 
fitting curve is good agreement with the decreasing tendency in Fig. 3(c), which suggests the validity 
of the approximation.  
Figures 4(a-c) show the Gd-composition dependences of 𝛼, 4𝜋𝑀𝑠, 4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖, and 𝛼2𝑉1. The 
dependence of 4𝜋𝑀𝑠, which is obtained from the M-H curve, shows that the MCP is near 𝑥 = 0.23 
and 4𝜋𝑀𝑠 −𝐻𝑦
𝑎𝑛𝑖  decreases with increasing Gd-composition toward the boundary composition 
between the in-plane and perpendicularly magnetized films. The damping constant trends to increase 
near the MCP, which is also consistent with the previous report32,39. The theoretical suggestion32 
indicates that the damping constant diversifies to infinity at the ACP, which is near the MCP owing to 
slight differences between Fe, Co, and Gd g-factors. Though the ACP is measured by the Barnett effect 
measurement technique40,41, we estimate the ACP at 𝑥 = 0.21  using g factors 𝑔Gd = 2.0  and 
𝑔FeCo = 2.2. The SMF is evaluated as 𝛼
2𝑉1 in Fig. 4(c) to take into account the influence of the 
damping constant. As a results, 𝛼2𝑉1 increases with increasing Gd composition up to 𝑥 = 0.16 , 
which is close to the boundary composition, and decreases with increasing Gd composition after that. 
The results reveal that the suppression of 𝑉1 at 𝑥 = 0.12 in Fig. 2(c) stems from the apparent effect 
due to the increase in the damping constant. The curve in Fig. 4(c), which is a guide by eye, is 
approximately drawn by using the Eq. (10). Since the curve overlaps with the experimental data, the 
enhancement via the Gd doping can be roughly expressed by the competition between the 
demagnetizing field and the magnetic anisotropy field. In other words, when the trajectory of the 
magnetization precession becomes circular, the output of the SMF is maximized. 
We have investigated the SMF induced in the ferrimagnetic GdFeCo alloy films by using the unique 
spin-torque ferromagnetic resonance method. The amplitude of the SMF, which strongly depends on 
the Gd composition, is maximized at the boundary composition between the in-plane and the 
perpendicularly magnetized films, which shows that the trajectory of the magnetization precession is 
crucial in order to enhance the SMF. Since the SMF induced by the magnetic resonance is inversely 
proportional to the square of the damping constant, ferromagnetic materials with lower damping 
constants are desired to enhance the SMF.  
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Figure 1 
 
Fig. 1. (a) Schematic illustration of the measurement setup. (b) The detected typical dc 
voltage as a function of the external magnetic field. The blue curve represents the fitted 
data. The power of the rf current is 10 dBm. The Fe82Co18 alloy is used. (c) Each 
component of the fitting function. The data in the upper figure have the same symmetry as 
the SMF. On the other hand, the data in the lower figure have the same symmetry as the 
signals of the rectification effect.   
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Figure 2 
 
Fig. 2. (a-b) The detected voltages, 𝑉1, as a function of the widths of the left and the right 
edges of the ferromagnetic strips. The frequency and the power of the rf current are 6 GHz 
and 10 dBm, respectively. 𝑤𝑟 and 𝑤𝑙 are defined in the insets. (c) The Gd composition 
dependence of the detected voltages, 𝑉1. The frequency and the power of the rf current are 
6 GHz and 10 dBm, respectively. The width of the left edge is 100 m and the width of the 
right edge is 20 m. 
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Figure 3 
 
Fig. 3. (a-c) The resonant field, the FWHM, and the SMF as a function of the frequency of 
the rf current. The power of the rf current is 10 dBm.The width of the left edge is 100 μm 
and the width of the right edge is 20 μm. (d) The magnetization-field curve. The 
composition of the used alloy is 𝑥 = 0.16. The magnetic field direction is in-plane.   
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Figure 4 
 
Fig. 4. (a) The Gilbert damping constant as a function of the Gd composition. (b) The 
saturation magnetization 4π𝑀𝑠 and 4π𝑀𝑠 −𝐻𝑦 as a function of the Gd composition. (c) 
𝛼2𝑉1 as a function of the Gd composition. The frequency and the power of the rf current 
are 6 GHz and 10 dBm, respectively. The blue curve is a guide for the eye, which is written 
by using the Eq. (10). 
